For each admissible v, we exhibit a path design P (v, 4, 1) with a spanning set of minimum cardinality and a P (v, 4, 1) with a scattering set of maximum cardinality.
Introduction
Let G be a subgraph of K v , the complete undirected graph on v vertices. A G-design of K v is a pair (V, B), where V is the vertex set of K v and B is an edge-disjoint decomposition of K v into copies of the graph G. Usually we say that b is a block of the G-design if b ∈ B, and B is called the block-set. Given a block b we use the same symbol b to denote its vertex set.
Let L be a set of edges of K v . A partial G-design is the decomposition of K v \L into copies of the graph G. The edge set L is called the leave of the partial G-design.
A path design P (v, k, 1) [4] is a P k -design of K v , where P k is the simple path with k − 1 edges (k vertices).
The condition v(v − 1) ≡ 0 (mod 2(k − 1)), v ≥ k, is obviously necessary for the existence of a P (v, k, 1). This condition is proved to be sufficient by M. Tarsi [7] . Therefore a P (v, 3, 1) exists if and only if v ≡ 0 or 1 (mod 4), and a P (v, 4, 1) exists if and only if v ≡ 0 or 1 (mod 3).
A balanced G-design [3, 4] 
is a G-design such that each vertex belongs to exactly r copies of G. Obviously not every G-design is balanced. A (balanced) G-design of K v is also called a (balanced ) G-design of order v. A handcuffed design H(v, k, 1) is a balanced path design.
Let (V, B) be a path design P (v, k, 1) with point set V and block set B and let Ω be a subset of V . A block b ∈ B is called secant, tangent or exterior to Ω if |b ∩ Ω| = 2, 1 or 0 respectively.
The spanned set C(Ω) is the set of all x ∈ V \Ω such that there is at least one secant block to Ω on x. The subset Ω of V is a spanning set if for every x ∈ V \Ω, x ∈ C(Ω).
An arc in (V, B) is a subset Ω of points of V no three of which are on a block. If Ω is an arc in (V, B), then any block is either secant or tangent or exterior to Ω. An arc Ω is said to be complete if it is maximal with respect to set inclusion, i.e. if for all x ∈ V \Ω, Ω ∪ {x} is not an arc.
A scattering set Ω ⊆ V is an arc for which every x ∈ V \Ω has the property that x appears in at most one secant block to Ω. Clearly a P (4, 4, 1) cannot contain a scattering set.
It is straight-forward to verify that every complete arc is a spanning set; the converse need not hold.
The reader interested about motivations for the definitions of spanning and scattering sets and resulting problems could see [1] where these notions are introduced for Steiner triple systems. In [1] Colbourn, Dinitz and Stinson exhibit, for every admissible v, an STS(v) with a spanning set of minimum cardinality, and an STS(v) with a scattering set of maximum cardinality. In the process, they establish the existence of Steiner triple systems with complete arcs of the minimum possible cardinality. The analogous problems for handcuffed designs H(v, 3, 1) and path designs P (v, 3, 1) are completely solved in [6] and [5] respectively.
In this paper we exhibit, for each v ≡ 0 or 1 (mod 3), a P (v, 4, 1) with a spanning set of minimum cardinality and a P (v, 4, 1) with a scattering set of maximum cardinality.
Spanning sets of minimum cardinality
Let S = (V, B) be a P (v, 4, 1). Using the terminology of [1] we call spanning number span(S) the size of a smallest spanning set in S. Let span(v) be the minimum spanning number. Obviously span(v) ≥ 2. A path design S is spanned if span(S) = 2.
Lemma 1 For every v ≡ 2 (mod 3)
there is a partial P (v, 4, 1) having an edge as a leave.
Proof. For v = 5 put V = {0, 1, 2, 3, 4}, B = {{1, 2, 3, 0}, {0, 2, 4, 1}, {1, 3, 4, 0}} and L = {0, 1}. It is easy to see that (V, B) is a partial P (5, 4, 1) whose leave is L. 
}. It is easy to see that (W ∪ Ω, B ∪ B 1 ) is a P (v, 4, 1) and Ω is a spanning set.
Let v ≡ 0 (mod 3). If v = 6 then let (W, B) be a P (4, 4, 1) where W = {0, 1, 2, 3}, and let
) is a P (6, 4, 1) and Ω is a spanning set. Suppose v ≥ 9. Let V = Ω∪{0, 1, . . . , v−6} and let (V, B) be a P (v − 3, 4, 1) containing Ω as a spanning set. Put
and Ω is a spanning set. ✷ Theorem 1 establishes the existence of path designs with complete arcs of minimum possible cardinality (see [1, 2, 5, 6] ).
Spanning sets of maximum cardinality
Let S = (V, B) be a P (v, 4
, 1). The scattering number scat(S) is the size of a largest scattering set in S. Let scat(v) be the maximum scattering number of a P (v, 4, 1). It is easy to see that
In the following examples we give a scattered P (v, 4, 1) for v = 6, 7, 9, 10. 
Lemma 2 For every
Proof. Put w = 3k. We use the well-known difference method. First suppose k is even. Form the following blocks of a P (2w + 1, 4, 1) (the sum is (mod 2w + 1)):
(1) {j, j + 2i, j + 5k+2 2
From the blocks (1) remove (for every i) the following two {k − 2i − 1, k − 1, + i}, {0, 7 2 k + i}, {0, 7 2 k − i} and the block {k − 2i − 1, k − 1,
k + i − 1} and form the pairs {0, 3 2 k + i − 1}, {0,
k + 2 − i} and the block {3k + 3 − 2i, 3k + 2,
Finally from (3) remove {0, 2k, 4k + 1, 13 2 k + 2}, {2k, 4k, 0, 5 2 k + 1} and form the pairs {0, 5 2 k + 1}, {0, 4k}, {0, 2k} and the block {4k, 2k, 4k + 1,
A suitable permutation of the elements of W 1 completes the proof when k is even. Now let k be odd. Form the following blocks: 
+ i} and form the pairs {0,
+ i} and the block {3k + 2 − 2i, 3k + 2, Proof. Let W = {a 1 , a 2 , . . . , a w 2 } and Ω = {a 1 , a 2 , . . . , a w } be a scattering set in (W, T ). Put
We need to construct a set D of (not necessarily distinct) ordered pairs (xy), x = y, of elements of Ω 0 ∪ Ω 1 satisfying the following conditions: |D| = In order to form the set D, it is sufficient to observe that every element of Ω 1 must appear an odd number of times (at least 1) in the first position x, and every element of Ω 0 must appear in the first position either a non-negative even number of times if w is even or a positive odd number of times if w is odd.
It is possible to construct a set T 4 of Let Ω 1 = {a w+1 , a w+2 , . . . , a 2w } and Ω 2 = {a 2w+1 , a 2w+2 , . . . , a w 2 }. It is easy to construct a set D of (not necessarily distinct) ordered pairs (xy), x = y, of elements of W satisfying the following conditions: (1) |D| = (for k = 1 we do not construct these blocks) and j = 0, 1, . . . , 6k +4 form the following blocks (the sum is (mod 6k +5)):
(1) {j, 2i − 1 + j, + i}.
The above blocks and edges still cover all the differences except k, 2k + 1, 2k + 2, 3k+1 2 and 3k + 2. Using the differences k, 2k + 1 and 2k + 2 form the blocks {j, 2k + 2 + j, 4k + 3 + j, 5k + 3 + j}, j = 1, 2, . . . , 2k + 1, 2k + 3, . . . , 6k + 4, {4k + 4, 2k + 2, 4k + 3, 5k + 3} and the pairs {0, k}, {0, 2k + 2}, {0, 4k + 4}. It is easy to see that the gcd(3k + 2, 6k + 5) = gcd( ) cover the differences 3k + 2 and 3k+1 2
respectively. Split the above cycles into the following blocks and pairs: {(1 + 3i)(3k + 2), (2 + 3i)(3k + 2), (3 + 3i)(3k + 2), (4 + 3i)(3k + 2)}, }. By a suitable permutation of the elements of W 1 we complete the proof for every odd k.
Case II: let k be a positive even integer. Form the blocks:
, j = 0, 1, . . . , 6k + 5 (if k = 2 we do not construct these blocks); + i}, {0, + i}. The above blocks and edges cover all the differences except k, 2k + 1, 2k + 2, Proof. Case I. Let w = 3k + 2 be odd and k ≡ 0 or 2 (mod 3). Form the following blocks (the sum is (mod 2w + 2)):
(1) {j, j + 2i, j + 5k+7 2
, j = 0, 1, . . . , 6k + 5 (for k = 3 we do not construct these blocks);
(2) {j, blocks. Using the differences 2k + 4 and 3k + 3 form the blocks {j, 2k + 4 + j, 5k + 7 + j, 3k + 3 + j}, j ∈ {1, 2, . . . , 3k + 2}\{k − 1}, {2k + 4, 5k + 7, 3k + 3, k − 1} and the pairs {0, 2k + 4}, {0, 3k + 3}, {0, 4k + 2}.
By a suitable permutation of the elements of W 1 we complete the proof. Case II. Let w = 3k + 2 be odd and k ≡ 1 (mod 3). Firstly we consider w = 5. The following blocks cover the difference 5: {0, 5, 10, 3}, {3, 8, 1, 6}, {6, 11, 4, 9}, {9, 2, 7, 0}. The other differences are covered by the following blocks and pairs: {j, j + 1, j + 3, j + 6} for j ∈ {0, . . . , 11}\{6, 9}, {6, 7, 9, 10}, {0, 3}, {0, 10}, {0, 9}, {j, j + 4, j + 10, j + 6} for j ∈ {1, 3, 4, 5}, {4, 10, 6, 2}, {0, 4}, {0, 6}, {0, 8}. By a suitable permutation of the elements of W 1 we complete the proof for w = 5.
